> Algebraic numbers are the roots of poly-
nomial equations with integer coefficients —
therefore they form a countable set.
Transcendental numbers, by definition, sat-
iIsfy no such equation — even if a subclass
of them can still be characterized and sys-
tematically generated through the theorems
of Lindemann and Baker [1, 2].

For example, compare the approximations of
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- Table[
{n, Table[Max[Abs /@ CoefficientList[Extract]
RootApproximant@N[r, n],
(1, 1}] /. #>x, x]11, {r, {a, t}}] // Splice},
{n, PowerRange[8, 1024, 2]}] // Function|.-.]

n (digits) height N[a,n] height N[t,n]
8 3 2
16 6 2
32 7 7
64 35937 19
128 35937 2119
256 35937 7394465177
512 35937 3955596566536
1024 35937 9042683769217906702063992

» The transcendentals have strictly greater
cardinality than the algebraics.

Is this example a manifestation of some
deep feature of metamathematics [2, 3]?

Equations vs Programs

» Mathematical equations are clearly a type
of constraint, on which thus comments
Stephen Wolfram [3] (p. 348):

“In traditional science the notion of
constraints is often introduced in an at-
tempt to summarize the effects of evo-
lution rules. Typically the idea is that
after a sufficiently long time a system
should be found only in states that are
invariant under the application of its
evolution rules. And quite often it turns
out that one can show that any states
that are invariant in this way must sat-
isfy fairly simple constraints. But the
problem is that except in cases where
the behavior as a whole is very simple
it tends not to be true that systems in
fact evolve to strictly invariant states."

» More generally, the rapid advance of the
computational paradigm has been possi-
ble due to the following practical circum-
stances (p. 368):

“It iIs In many respects easier to work
with programs than with equations.
For once one has a program, one can
always find out what its behavior will
be just by running it. Yet with an equa-
tion one may need to do elaborate
mathematical analysis in order to find
out what behavior it can lead to."

Perhaps the above considerations would make
clear the answer to this provocative question:

Why in Mathematica there exist DSolve and
NDSolve, but not “ISolve" and “NiISolve"?

N.B. Actually DSolve can solve analytically
simple integral equations, but there is no built-in
numerical framework for more general ones.
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» Effective solution of various Thermody-
nhamic Bethe Ansatz (TBA) equations had
been necessary in the author’'s own research
on the triple connection of integrability, N =
2 gauge theory and black hole physics [4].

» To avoid repetitive, costly and annoying man-
ual recoding, the author found especially
convenient to design and develop [5, 6]:

ResourceFunction]|
"ThermodynamicBetheAnsatzSolve"]

which can fully automatically solve any
TBA equation.

For Instance,
solutions of

instantaneously find the
the self-dual Sinh Gordon

TBA, under varying scaling parameter:
o Log[1+ EY[*I] Sech[t -
tbaShG = y[x] = r Cosh[x] -.[ og[ ] e el dt;
g 2
solsR =
AssuciationMap[

"] ThermodynamicBetheAnsatzSolve + [thaShG /. r » #] &,
PowerRange[1l, 2A-5, 2ﬁ-1]] ;

P'I.ut[y[x] /. Flatten[Values@solsR, 1] // Evaluate,
{x, -3, 3}, -- ]
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» |n detalls, this resource function implements
the method of successive approximations
and computes the TBA convolutions via dis-
crete (fast) Fourier transform.

> Besides, the following options can be set:

add boundary terms outside

"BoundaryCondition" {0,0
"y 0,0] and inside the convolutions

specify the cutoff range of

"GridCutoff" .
the numeric grid

Automatic

specify the resolution of the

"GridResolution" 2710 .
numeric grid

stop iterations when the

"StoppingAccuracy” 107(-10) numeric iteration error is
lower than this value
_ always stop iterations
MaxIterations 4000 )
beyond this value
L o monitor the number of
Monitorlterations False _ _
iterations
. . minimize caching to save
SaveMemory False

memory

For more detaills and examples, see the

source code and documentation [5].
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Automating the solution of TBA equations

Datalogos
Vibe Coding vs Porting

The neologism vibe coding can stand for both:
A. a senior developer guiding an Al;
B. a junior developer being guided by an Al.

No Al has been used in either implementa-
tion or design of the Wolfram resource func-
tion "ThermodynamicBetheAnsatzSolve"!

» |nstead, the implementer let Claude Code Al
agent try a clearer “vibe porting" or transla-
tion into Python [/]:

pip 1nstall tba-solve

> Still any TBA equation can be solved by pro-
viding its internal components directly:

from tba_solve import TBASolver
import numpy as np

solver = TBASolver(
forcing=[lambda x:
0.1 * np.cosh(x)],
kernels=[[lambda x:
-1/ (2 * np.pi * np.cosh(x))]],
crossing=[[0]],

)

sols = solver.solve()

» However, through just SymPy it has not
been possible to replicate Mathematica’s au-
tomatic symbolic equation parser, thus los-
ing all the ease or “magic" of solution.

Proofs vs Tests

» An often occurring issue in mathematical
proofs is the following [3] (p. 815):

“even If a theorem iIs short to state, its
proof can be arbitrarily long."

» Certainly the complex artifacts from soft-
ware engineering are not amenable of the
same Kind of exact proofs.

> Software tests are most useful to guar-
antee continuity of functionality under
code changes and to control Al agents.

") tba-solve |passing

A significantly difficult test overcome by the
Wolfram resource function has been the auto-
matic solution of a very complex potentially in-
finite TBA [8]. However, more exhaustive tests
across all literature have yet to be performed.

If you are dealing with a TBA equation which
cannot be automatically solved through this
software, please contact me!
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