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Introduction Evolution of Theoretical Physics

A bleak outlook for “theory”?

The decaying popularity of

“THEORY" {on arxiv) Analysing titles of all arXiv articles, we find

the share of popularity of the word “theory”
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Introduction Evolution of Theoretical Physics

Theory on/and what?

Looking more carefully at: most
popular words in titles (below);

their combinations in abstracts

(right), we can actually identify
a “phase transition” (quoting
Prof. V. Cardoso) in hep-th.

Popular words shares in ArXiv [hep-th] titles

— "GRAVITY"
"GAUGE"
"BLACK"

— "STRING"

1990 200 210 200

cond-mat popular
titles/abstracts words

1 quantum 44541

2 model 24312
3 spin 23679 °"°
4 magnetic 21930 — (theory|model)&&spin
2 Zhase 12222 0.10 (theory|model)&&magnetic
7 dynamics 17086 ‘ .l’ k ]. ‘.H -‘.' 'I‘Ih m f“":\,,',v:,'.“.m‘d —— (theory|model)&&phase
8 ofect 106 | M‘lnn.wm «ﬂﬁ“ ki
9 systems 14949
10 theory 14355 ‘
0004l L . .
2000 2010 2020
hep-th popular
titles/abstracts words
1 theory 18039 v T
2 quantum 16295 030
3 gravity 12189 025 §
4 black 11992 —— (theory|model)&&gravity
5 field 11989 0.20 (theory|model)&&gauge
6 model 9666 o6 —— (theory|model)&&black
7 theories 8685 —— (theory|model)&&string
8 gauge 8681 o.10
9 n 8596

10sting 7379 %
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Introduction Evolution of Theoretical Physics

Insights from ArXiv data?
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Check out the notebook of my
little arXiv data analysis
[work in progress]:

https:
//github.com/Daniele-Gregori/
ArXiv-Articles-Data-Analysis

How to interpret the general shift away from “string” / “gauge” towards “gravity” /“black”? J
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Introduction A new era for Black Hole Physics

“A new window to the universe”

In the last few years, gravitational waves detections and black hole imaging have opened
the way for gravitational phenomenology.

The new observations
promise to revolutionise not
only astrophysics but even
fundamental physics,
allowing the search of
deviations from general
relativity (GR) in previously
unexplored systems and
regimes. LIGO, Event Horizon

(5] [T
Time {sec)

Since BHs are the simplest and most perfect objects in gravity, one could ask
Could BHs hold the same surprises that the electron and the hydrogen atom did
when they started to be experimentally probed? [Cardoso-Pani, arXiv:1709.01525]
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Introduction A new era for Black Hole Physics

Colliding BHs and quasinormal modes

A black hole collision can be divided in 3 inspial | merger Rm;

phases: inspiral, merger and ringdown. down

QNMs can be observed as the complex Q O G .

frequencies of the damped oscillations of

spacetime in the final - ringdown - phase of -~ Lo
black holes (BHs) merging. g 0
~ 0.0 -
£
[Nollert, Class.Quant.Grav. 16 (1999); £-05
Berti-Cardoso-Starinets, arXiv:0905.2975] -1.0 —Numerlcal relativity

- Reconstructed (template)

Black holes perturbations can be expressed in terms of solutions of ODEs shared with other
physics fields! J
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Introduction A new era for Black Hole Physics

The need of new methods

o Even if QNMs for GR BHs are already known, it is still . 2 2n e
an open problem to compute them in modified 4z2(z—1)3n§ ;;0 Anm g(@) GO =0 (21)
grav'tY' SpECIflca”y, the common methOdS are: Here ¢™(z) is ‘the n-th derivative of the function g(z).
o Continued fraction method: exact but laborious; The real coefficients Anm(z) are

o WKB approximation: easy but rough, asymptotic, to 400 ===z~ 1)* [{(¢ - 1)(£ +2)Mo &
be res mmed *IL’(S.A/E)S()‘F.ENO/SA+2xN(]S[/)/)M()W()SD
u ' + 2(280 — 28}) My No Wo So

o Numeric simulations: case by case, sometimes 302 Mo Ny Wo S2
unstable, with little insight. + 2(4NG + NG) Mo Wy 82 Py
Agy =22 [2(8 + (2% — 22)(7v + 8)) Mo Np
Therefore developing new analytic characterizations and + (@ = 1)B(z)(MoNo) 1Po W0 57,
. . . _ 2 o 1)2 2
exact numerical methods for QNMs is very important. Aoz =+4[B (@) MoNoPo = (¢ = 1)" Sl W o,

Arp =425z —1)° [g(MoNo)' +4MoNo] Po Wo S,
A1y =—82°(z — 1) B(z) Mo No PoWo S5,
- - _ 4 2 2
o QNMs also present theoretical problems even in GR 420 =+ 4"z~ )" MoNoPoWo &,
like their instability under small perturbations of the ODE for axial perturbation in Einstein
background. scalar Gauss-Bonnet theory [arXiv:2404.11583]
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Introduction A new era for Black Hole Physics

Plan of the talk

() Introduction
o Evolution of Theoretical Physics
o A new era for Black Hole Physics
() The search for new methods
o Artificial and natural intelligence
o Rescuing supersymmetry
() A more radical method
o Introduction to Bethe Ansatz
o ODE/IM correspondence
o QNMs as Bethe roots '
o Solving QQ-system of gauge theories ODE math
() Outlook

o Conclusions and future developments

4D N=2 SUSY (NS)

_ AdS/CFT

2D Integrability BHs Ringdown
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Where has “theory” gone?

Recent years have seen an upsurge of Even if computer science (CS) seems not
. . - - - - b "
applications of Machine “learning” and usually inclined to “theory”!
“Neural” networks in theoretical physics... arXiv CS.»
hep-th popular title words
apstracts WOI'IdS 1 learning 81664 101 clustering 4936
0.010 2 using 44542 102 federated 4902
3 networks 42908 103 understanding 4901
0.008 ...105 iffusi 4824
I —— theory&&learning 4 neural 33557 iy diffusion .
0.006 ‘ theory&&neural 5 deep 30129 words 105 channel 4740
] 106 | th 4739
a0 I ‘ 6 data 28620 before
7 models 26383 "theory"... 107 functions 4721
0.002 . NS 8 network 26329 108 local 4717
e ‘ ‘ I “ “ l I I Ll l 9 detection 24460 109 planning 4712
1990 2000 2010 2020 10 model 24009 110 representations 4700

Daniele Gregori (Soochow University) From Integrability to SU Soochow University, 2024,



The search for new methods Ar | and natural

Actually, Al can steal my job!

Quasinormal Modes in Modified Gravity
using Physics-Informed Neural Networks

“If one’s doing something like solving
a single equation (say, ODE) precisely, Al
probably won't be the best tool. But if
one's got a big collection of equations
[..] Al may successfully be able to
give a useful “rough estimate” of what
will happen, even when traditional meth-
ods would get utterly bogged down in de-
tails.” (S. Wolfram)

Raimon Luna,! Danicla D. Doneva,? José A. Font,: Jr-Hua Lien? and Stoytcho S. Yazadjiev®
* Departamento de Astronomia y Astrofisica, Universitat de Valéncia,

Moliner 50, 46100, Burjassot (Valéncia), Spain

* Theoretical Astrophysice, Berhard Karls Universty of Tibingen, Tibinger 72076, Germany

vatori Astronémic, Universitat de Valéneia,
tedritico oot Belvin %, 40980, Palerna (Valenia), S

Department of Theontical Physics, Focully of Phusics, Sofis Universiy, Soio 1164, Bulgaria

sttt of Mathemaihes and Informatics, Bulgarian Acsdomy of Seiences, Acad. O. Bonchew SL. 5, Sofa 1115, Bulgoria

5

is paper, we apply a novel approach based on physics-informed neural networks to the com-
putation of qusinormal modes of black hole solutions i modified raviy. Tn particular, wo focus
ith several

r field and the Gauss-Bonnet, invariant.
mimber of challenges ith respect to the case of General Relatvity, maialy do fo the exirs comt.
plexity of the perturbation equations and to the fact that the background solution is known only
numerically. The solution of these perturbation equations typically requires sophisticated numerical

backgrounds, while being very simple Lo implement. Additionally, the use of GPU
parallelization is straighiforward thanks to the use of standard machine learning environments.

I INTRODUCTION very involved since the equations are stiff (32, 33]. Subtle

adjustments of the numerical codes are required and the

:2404.11583v1 [gr-qc] 17 Apr 2024

Black hole characteristic ringing has been long unsldr
ered one of the ultimate tests of the laws of g
extreme curvature [1-3]. Detecting at least two qumu-
‘normal mode (QNM) frequencies can already put severa
constraints on any deviation from general relativity (GR)

4, 5] or the other way around - it can provide an un-
doubted signature of a failure of Einstein’s theory. More-
over, with the direct detection of gravitational waves by
the Advanced LIGO and Advanced V\\'gu detectors [6, 7]
from compact binary coallesc 8-11] and with the
gradual upgrades of their s observing high-
precision post-merger black hole ringing becomes realistic

12-19]. This is especially true for the next generation of
gravitational-wave detectors such as LISA, the Einstein
Telescope [20], and the Cosmic Explorer [21].

There are a number of challenges in properly inter-
preting the gravitational wave signal emitted during such
characteristic ringing. This includes for example the fact
that the post-merger signal is not a clear one and it
will be contaminated with the nonlinear part of the ac-
tual merger of two black holes 22, 23] igniting nonlincar
‘modes in the spectrum [24-26]. Overtones or higher har-
monics can also play an important role [27-29]. Last

solution is typically done case by case [34]. The picture
worsens if we want to extend these results to the case of
rapid rotation since in oSt of the realistic theories bo:

separation of variables is not possible and one
ends up with a system of partial differential equations
instead.

To address the aforementioned obstacles, several well-
designed approximations have been developed. These
typically include an expansion in the coupling param-
cter for the beyond-GR. theory, assuming that the GR
corrections are small, and an expansion in terms of the
rotational parameter [35-42]. Sophisticated new meth-
ods for caleulating the QNM frequencies using spectral
decomposition are also being developed [43-43], show-
ing promising potential but still posing a number of ob-
stacles when dealing with beyond-GR. theorics. These
approaches typically require important, adjustments and
the efrts belind, cach methodology/code derelopment
stantial. For example, the choice of
an be quite critical for controlling the
xacy of spectral methods (43-15], Morcover, 1o avoid the
contamination of the numerical solution with an ingoing
wave component when performing direct mumerical in-
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| will not let PINNs steal my job!

Physics Informed Neural Networks
(PINNSs) are an interesting approach to try...
but it may not be always the best and in any WOLFRAM U | LEVEL2CERTIFICATE
case they bring us little new “human
understanding” of BHs or ODEs...

arXiv CS.» Thisis to certify that

title words Daniele Gregori
1 learning 81664 101 clustering 4936 has demonstrated applied expertise in
2 44542 [e] federated 4902 Neural Networks

103 2501

3 networks 42908 105 gceLancng
4 neural 33557 104 diffusion 4824
5 deep 30120 Words 105 channel 4740
6 data 28620 before 106 4739
7 models 26383 '"theory"... 107 functions 4721
8 network 26329 108 local 4717
9 detection 24460 109 planning 4712
10 model 24009 110 representations 4700
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The search for new methods Rescuing supersymmetry

To the rescue of supersymmetry?

We see an increasing of article abstracts talking

hep-th popular
abstracts words

simultaneously of gauge theory and black holes.

I —— gauge&&supersymmetric

Actually, it is mostly due to AdS/CFT and NOT to °= e
the well known community of scattering o m il W{U
\

amplitudes, modeling the inspiral phase of black

holes as particle collision.

0,030

0.025

0020

0015

0010

0.005

0.000

hep-th popular
abstracts words

— black8&gauge

LINITHTY WYTV ' 1
1990 2000 2010 2020

An even smaller community works
differently with Seiberg-Witten theory
blackasgaugesaads, dual) on (mostly) the ringdown phase...

black&&gaugeaafamplitudes, scattering, scatter, amplitude}

Are AdS black holes more physical than
supersymmetric particles?

Daniele Gregori (Soochow University)
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The search for new methods Rescuing supersymmetry

Galileo and Maldacena

At least twice in my short scientific life
- during formal meetings at Bologna
University - | have been publicly
attacked for proposing the study of
(N = 2) supersymmetry...

Similarly - according to rumours - someone complained for the
Galileo Galilei award to Prof. Maldacena, on the basis of “not
being an experimental physicist, like Galileo was” ...

...but in the Saggiatore we read also “the book of nature is written in..."

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 202



The search for new methods Rescuing supersymmetry

“The book of nature is written in mathematical language!”

Generally in both General Relativity and modified gravity,
BHs perturbations obey different kind of ODEs.

O Perturbations of asymptotically AdSs BHs obey Heun equation SBINS2ASUSYINS)

==l
<~ AdS/CFT

W//(Z)+(g+zi +Ot+/8_’)/—5+1)wl(z)

1 z _ﬁa 2D Integrability
aBz—q _
z(z—1)(z— a) wiz)=0. (1)

ODE math

O for 4D asymptotically flat BHs, Confluent Heun equation (CHE)
¥ é az—q . .

w'(z) + (; to—g 6) w'(z) + mw(z) =0. (2) o Caveat: rotating BHs involve
coupled ODEs (separable PDEs)!

@ for 4D Extremal flat BHs, Doubly Confluent Heun eq. (DCHE) o The inspiral phase is governed by

0z — g the non-homogenous same ODEs!

- w(z) =0. 3)

w(z) + (g + g + 1> w'(z) +

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 20!



The search for new methods Rescuing supersymmetry

N =2 SUSY primer

o Seiberg-Witten (SW) theory is the effective theory for N' = 2 SUSY gauge theory. To
compute instanton contributions, it is convenient to deform spacetime in terms of two
parameters €1, €5 € C (Q-background).

[Seiberg-Witten, hep-th/9407087; Nekrasov, hep-th/0206161]

o If e2 — 0 - Nekrasov-Shatashvili (NS) limit - the prepotential F can obtained from
monodromies of ODEs of Schrédinger time-independent type with €3 = h # 0 (for SU(2))

_ 2jy2¢(y) + [U(y; m,A) — ] ¥(y) =0, (4)

[Nekrasov-Shatashvili, arXiv:0908.4052]

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs
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The search for new methods Rescuing supersymmetry

No jokes: Schwarshild black hole!

The quantum SW curve for N¢ = 3 SU(2) gauge th.
can be mapped to the Regge-Wheeler equation for linear
perturbations of the Schwarschild BH! 4D N=2 SUSY (NS)

)  AdSICFT
72¢(Y) + {e2y/\3 (4(m1 — my)?) (5)

(/\2 — 24A\3m3 + 64u) + 4e¥/A\ ( 212 + 8mimy + A3m3 — 8u)

2D Integrability BHs Ringdown

+4e7Y\/N3 (8m3 — /\3) + 4/\36_2}/}72#)()/) =0 J ® oD CFT
16 (VAse” —2) ODE math
1 4M
A3 = —16iMw, u=I1(l+1) —8M*w? 4+ =, r=—e7,
4 As
h=1, m; =s—2iMw, my = —s — 2iMw , m3 = —2iMw,
d d i l+ 1 2M
2D rn [ - T o) <o, (6)
dr dr r

ds? = —f(r)dt® + f(r)~1dr® + r?(d6? +sin> 0dp?), with f(r)=1—2M/r

Soochow University, 202
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The search for new methods Rescuing supersymmetry

General picture of new gauge - gravity correspondence

Nf = Nf
[03 Brene | 4- + SU(2) N =2 (NS) gauge theories,
[Res. Doubly Confuent Houn] Heun ODEs and BHs models.
f = 2=(1,1

) Nf=2=(2,0 4D N=2 SUSY (NS)
Extremal BHs <> Modified-Gravity BHs

<>
Doubly Confluent Heun \ Red. Confluent Heun
<4

=1

, AdS/CFT

f=3 2D Integrability BHs Ringdown

Schwarschild BH
Confluent Heun (Single) ) —

Kerr-Newman BH ODE math

‘Conﬂuent Heuns (Coupled) |

[Aminov-Grassi-Hatsuda,
arXiv:2006.06111,

Quiers + Nfza Bianchi-Consoli-Grillo-Morales,
P AdS BHs arXiv:2109.09804]

Daniele Gregori (Soochow University) Soochow University, 202



Nekrasov-Shatashvili instanton series

o The NS prepotential can be obtained as a series in the instanton coupling A

F(N,a,h) = FPert(a,h) + Y Firt(a, AN, (7)

n=1
o The gauge period a is recovered from the ODE moduli parameter u through

_ OF(Aa,h)
u= A" (8)

o Also the gauge dual instanton period Ap is defined as

OF (A, a, h
ap = 220 (9)

and in the 7 — 0 SW limit, Ap ~ 1A with AQ = 50 4 27i5®.

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 2024/5/14



The search for new methods Rescuing supersymmetry

Nice analytical expressions!

o For example for SU(2) gauge theory with Ny = 3 matter flavours, at second order we

get:

mymzmg
—256a% — 2562° (m2 + m? + m3 — 2h?) + 96a* (2m3h? + 2m3 (4m3 + h?) + 2m? (4m3 + 4m3 + h?) — 3h%)
8192 (a2 — h?) (422 — h2)?

—16a2 (3m3h* + 3m3 (8m2h2 + h*) + m? (8m3 (10m3 + 3h?) + 3 (8m3h? + h*)) — 41)
- 8192 (a2 — 72) (422 — h2)*

4m3n0 + 4m3hS + 48m3m3h* + 4m2h? (12m2h% — 4m3 (28m3 — 3h?) + h*) — 5A8
* 8192 (a2 — h2) (4a2 — h2)3

inst
FH(As, my, my, mg,a,h) = — 3

A+ O(A3). (10)

o The computation algorithm is based on combinatorics on Young diagrams

Nice analytical expressions...but the terms are infinite and the computation time for higher
orders grows exponentially! J

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 202



The search for new methods Rescuing supersymmetry

Rescued by supersymmetry?

4D N=2 SUSY (NS)
It was found heuristically that quasinormal modes
(QNMs) are given by quantization conditions

, AdS/CFT

on the gauge periods 2D Integrability BHSIRITGAG
AD(/\, m, U) = 2ithn for ne N (11) v/ 2D'CET
U» ODE math
QNMS Wnp X A Citations per year

[Aminov-Grassi-Hatsuda, arXiv:2006.06111]
A small field is growing on this result, since: N
o qSW theory turn out to be a very effective
method for QNMs computation .

o it also provided new theoretical results.

2020 2021 2022 2023
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A more radical method Introduction to Bethe Ansatz

Bethe ansatz

Hans Bethe first in 1931
devised a method to
completely solve the
Heisenberg spin chain
model by means of a finite
closed system of algebraic

equations.
)i R This follows from the . o
. . (Bethe) ansatz Vallc.l fc?r fInI’Fe S|ze.
o 1 “propagation of a test (_per|0d|c) .spln chains, not
/ . particle and its scattering field theories!
free phase scattering phase on the others equals unity.”

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 2024,



A more radical method Introduction to Bethe Ansatz

From condensed matter to string theory

At that time, Bethe himself did not pursue farther his innovative approach. Nevertheless, in
later decades many other physical systems were completely solved in the same way...

The same mathematics appears in physical systems ranging from condensed matter,
quantum many body, optics to gauge theory, string theory and AdS/CFT! J

The method itself (coordinate BA) was
developed into

o Nested BA o Functional BA

time R

o Asymptotic o Thermodynamic BA 1

BA (TBA)
o Algebraic o Quantum Spectral
BA Curve (QSC) S

space L

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 2024/5/14 27 /58



A more radical method Introduction to Bethe Ansatz

lce model and continuum limit
o For twisted 6 vertex (ice) model, with -J—+—L—I-- -

1 - 'l- = Q- < <t
spectral parameter v and anisotropy 7 BA - 1 _ 17
reads _Fﬁq_ H
H Qv =20n) _ _aip(sin(n + ivi))"
Vk + 2”7 (5'”(77 - ka)) (Wikicommons/Moali)
(12)

. . o In this limit the BA follows from (equallin
in terms of g(v) = [[/_; sinh(v — ). zero) Baxter's TQ relation ( g
o In the continuum limit N — oo

T(E)QL(E) = e Qu(w ’E) + e™"P Qs (w’E)

a E/ — W2E,' —2i¢ (14)
H (El _ w_QE,-> =€ (13) where p ~ VA, w? = exp(—4in)
=1
, N E
in terms of E; ~ e?iN*1/™ = —e2 Q:(B)=1] (1 - 5) (15)

i=1

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 2024 /5/14 28 /58



On quantum integrability

o The hallmark of quantum integrability is the presence of infinite integrals of motion

commuting with each other
[1h1m] =0. (16)

o The IM h,_1 are also asymptotic expansion coefficients, for large spectral parameter
A\ = e, of the Baxter's Q, T operators

InQ(#) ~ —Coe’ — f: e "Cl, 06— oo, (17)
n=1
[Q(6), T(6)] =0, (18)

[Bazhanov-Lukyanov-Zamolodchikov, hep-th/9412229, hep-th/9604044]

o Their eigenvalues, the Q, T functions satisfy functional relations, like quantum
wronskian QQ or Baxter’s TQ, which given suitable asymptotic behaviours have
unique solutions.

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 2024/5/14 29 /58
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A more radical method ODE/IM correspondence

ODE/IM correspondence essentials
o The first ODE/IM instance found was for the anharmonic oscillator ODE, with o > —1

- Lo+ (e 1D ) g <o (19)

o The spectral determinants are also computed as Wronskians

ad E _ Yyo(x) =0, x— o0
QT(E, )= QF <1—>:W ,_ o] with : . (20
(E,N) = @ kl:[O Eor [V+.0,¥—0] box) 0. x 0 (20)
o Q*(E,I) can be computed as integral of the solution P(x) = —i-ZL Int(x) of the
Riccati ODE equivalent to (19)
QY (E, )= Iimo[xlw_ho(x)] = exp {1/ [P(x) — regulariz. | dx} . (21)
X— 0

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 2024/5/14 31/58



A more radical method ODE/IM correspondence

o Through discrete symmetries of the ODE, we can define other solutions in C, with
w = eotliil
Qi ix—wwilx, E=WE = =0 0=10w *xw*E ), (22)

so we can write lateral connection relations in terms Stokes multipliers T,

$_1(x) = Tapa(E, Nhe—1 () + Tipa(E Ni(x) = Tipa(E, 1) = Wtb_1,7] . (23)

o Similarly defining ¢_ 1(x, E,l) = ¢_o(x, E,—/ — 1) and Q(E,l) = QT (E,—/ — 1) from
central connection relations (between 1_ , and 7 x) we obtain QQ system

w2QT (W E)Q ™ (wE) — w V2QH(WE)Q (w E) = 2i. (24)
o Similarly also TQ and T systems. 4
L
o QF, Ty, realize vacuum Q, T functions of o
Scaling 6-vertex IM! [Dorey-Tateo, hep-th/9812211, -
Bazhanov-Lukyanov-Zamolodchikov, hep-th/9812247] (Wikicommons/Moali)
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A more radical method

ODE/IM correspondence

The ODE/IM correspondence

o The ODE/IM correspondence is an approach to integrability, in which the Q, T
functions and all the (QQ, TQ...) integrable structures of some Integrable Model (IM)
can be derived from an Ordinary Differental Equation (ODE), even without knowing
a priori the corresponding IM. [Dorey-Tateo, hep-th/9812211,
Bazhanov-Lukyanov-Zamolodchikov, hep-th/9812247, Dorey-Dunning-Tateo, hep-th/0703066]

ODE IM
Spectral determinant Q e
Stokes multipliers Ty g\\l/ ——
Central Connect. rels. | QQ relation p— }97 BHs Ringdown
Lateral Connect. rels. TQ, T-syst ﬁ}"(
ODE parameters IM parameters Jzocm
ODE ind. var. x . cf. below ODE math
ODE/IM allows to apply integrability to very different physical theories! J

Daniele Gregori (Soochow University)
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A more radical method ODE/IM correspondence

Other ODE/IM examples: Liouville

o We can reach the regime oo < —1, by a formal change of variable, leading to the ODE for
the to Liouville model , that is CFT central charge ¢ =1+ (b+1/b)? > 1

2
—dcj/2¢()/)+ 629(ey/b+e—bY)+P21| Qp(y)zo, (25)

which reduces to (modified) Mathieu equation for b =1 (c = 25).
[Fioravanti-DG, arXiv:1908.08030]

o Liouville model is

o the 2D quantum gravity theory N A
o dual to 4D N = 2 SUSY through AGT — —
duality o p

We make a different connection through J

ODE/II\/I! AGT duality quiver (NLab)
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A more radical method ODE/IM correspondence

Other ODE/IM examples: Perturbed Hairpin, Paperclip

o Perturbed Hairpin IM (for n = 1,2) corresponds to Doubly Confluent Heun eq.

d2
- Wz,b(x) + [2kqe* + k*(e** + e ™) + P?] 1(x) = 0. (26)
o Paperclip IM (for n = 2) corresponds to the Confluent Heun eq.
p2ex B (q2 _ %) e
ex+1 (ex + 1)2

o They are both related 2D IQFTs with non-conformal boundary interaction.
[Fateev-Lukyanov, hep-th/0510271; Lukyanov-Vitchev-Zamolodchikov, hep-th/0312168]

d2
— @w(x) + | K? (X +1)" — Y(x) =0. (27)

Fig. 2. The paperclip formed by a junction of two hairpins.
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A more radical method ODE/IM correspondence

On the origin of ODE/IM

o For a long time, ODE/IM has been regarded as either
mysterious correspondence or just a mathematical
coincidence.

o However, recent work [Fioravanti-Rossi, arXiv:2106.07600]
has shed light on its origin, by “reversing it":

4D N=2 SUSY (NS)

QQ/TQ/Bethe Ansatz  AdSICFT

lJ/ 4 "

Marchenko-like int. eq 2D Integrabllity B

\li V. 0 . .
Schrédinger ODEs ! 2D CFT The Thinker (Rodin)

ODE math
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A more radical method ODE/IM correspondence

Three different physical theories, same mathematics!

d? o
—Wﬂj(y) + [2¢* coshy + P?] ¢(y) =0 INTEGRABILITY (sd-Liouville) (28)
h €1 —6 u 1 o 2
—=—=e — = =-P“e
No Ao N2
"2 d?
_szﬁ(y) +[A2coshy + u]y(y) =0 N=2 GAUGE TH. (SU(2) Nf = 0) (29)
1
r=Le? wl=-2ie P= 5U+2) H ¢(r) = e (y)
2 14 J]+2)2 1
% +lw? (1 + r4) _ (ﬂ# #(r) =0 BLACK HOLES PERT. (D3 brane)  (30)

o We have shown this triality generally for Mathieu, Doubly Confluent Heun, Confluent
Heun ODEs.
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A more radical method QNMs as Bethe roots

A more radical method

QNMs as Bethe roots
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A more radical method QNMs as Bethe roots

Black holes perturbation theory
o For perturbations of the Schwarschild BH metric g,(“(l), Einstein equations, after

linearization and gauge fixing reduce to just a couple of much simpler PDEs:

1
R, — 5 8w + Nguw = KTy (31)

\u hw/ = 8uv — g,S?/) = (Zl7 Ql)

1) for the axial perturbations (phase (—1)*1), the Regge-Wheeler equation

r

2) for the polar perturbations (phase (—1)'), the Zerilli equation

[5; - 6‘1:2 4 (1 - 21”) (;i’(‘/r’; + (...)ﬂlf(’\:’)z <1 - 3:‘”) + (...)rzj(r))] Z/(t,%) = 0,

where A\(r) = /(I +1) =2+ 6M/r and r = r(x), with x tortoise coordinate.

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs Soochow University, 2024/5/14



From PDEs to ODEs

© The Laplace transform WU of = Z, v @ satisfies the non-homogeneous ODE

W(s,x) = /0°° e ' d(t, x) dt, {—;{2 + U(x) + 52} W(s,x) = —Z(s, x), (34)

where Z(s, x) = —sW(t, x)|t=0 — 9:V(t, x)|t=0. The corresponding homogeneous equation is the
ODE we will study:
{_8X2+U(X)+S }W(S,X)_O. (35)

o We consider solutions of (35) regular for x — +o0, that is infinity and horizon (with Res > 0)

W, (s,x) ~e >, X — 400, V_(s,x) ~e™, X — —00. (36)

o The Laplace tr. ¥ is given by the Green function G as (with x. = min(x’, x), x = max(x’, x))

W(s,x) = /_OO G(s,x,x")I(s,x")dx", G(s,x,x') = W\I}_(S,X<)W+(s,x>). (37)
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A more radical method QNMs as Bethe roots

Mathematical definition of QNMs

o Finally taking the anti-Laplace transform of VU and setting s = iw we get the original
perturbation ® = Z; vV @ as [Nollert, Class.Quant.Grav. 16 (1999)]

1 e+ioco R
®(t,x) = %/ e W(s,x)ds (38)

—ioco

= zﬂ:ei“"tRes (Wl(s)> )

o The quasinormal modes (QNMs) are the complex frequencies (real frequencies and
damping times) wy, which corresponds also to zeros of the ODE Wronskian

/ V_ (wn, x< )V 4 (wn, x> )Z(wn, x") dx” + (other contributions) .

— 00
n

W (w,) = WV_, W, ](w,) = 0, (39)

with W[W_, W ] = W_(x)V/ (x) — V_(x)V,(x).
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A more radical method QNMs as Bethe roots

Quasinormal modes of black holes as Bethe roots

o Through the ODE/IM formula Q = W[4, 9]
we proved that the Bethe root (zero) condition 4D N=2 SUSY (NS)
on the Baxter's @ function N

, AdS/CFT
Q(en) — 0 9 (40) 2D Integrability BHs Ringdown
is equivalent to the mathematically rigorous ¥ D CET
definition of quasinormal modes (QNMs)! ODE math

[Fioravanti-DG, arXiv:2112.11434]

Q® has QNMs as zeroes and satisfies a quantum Wronskian functional relation which can
be derived for nearly any ODE! J

o In general the QQ-system cannot be directly inverted and solved as integral equation,
rather it is necessary to construct from Q the Y function that solves the Y system.
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A more radical method QNMs as Bethe roots

Y function and quasinormal modes

o For example, for the triad [ generalized Perturbed Hairpin/ SU(2) Nf = 2 NS gauge th./
generalized extremal RN BHs | - ¢f. (3), (26) - one can define a Y function as
[Fioravanti-DG, arXiv:2112.11434; Fioravanti-DG-Shu, arXiv:2208.14031]

Yot (6) = €709 Q. L (6)Q__(6) . (41)
o In terms of Y the QQ system is written as

i

emata) Q. (0 + g)Q_7_(9 - )=1+Y,_(0). (42)
and for QNMs follow the alternative quantizations conditions
Yi_(0p—im/2)=—1 Y_ +(0n+im/2) = —1. (43)
o From the QQ system it follows the Y system as
T T
Ve (04 )Y (0= T) = [+ Ve o (O]l + Y- (6)]. (44)
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A more radical method QNMs as Bethe roots

Thermodynamic Bethe Ansatz

o Defining as the pseudoenergy

817:&(9) = —1In Y:i:,:l:(e), (45)
o the Y system can be inverted in the Thermodynamic Bethe Ansatz (TBA) for it
8V, 4’ In[1 + exp(—e. 5 (8))] + In[1 + exp(—e.4 (6))
e2+(0) = F(%)ze T il 7q2)7/700§ cosh(f — ")
o 8vmd , ° d0" In[1 + exp(—e+ +(0))] + In[1 + exp(—ex,+(6'))]
ex,7(0) = l‘(%)ze ¥/7T(Q1+Q2)—/_OOE cosh(0 — 01) -

(46)
o Technicality: P enters as the § — —oo boundary condition
e+ 4(0,P) ~ 4P +2C(P,q1,q2), as § — —oo (following from the perturbative
expansion of ODE).
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Gravity Y system and TBA

o In gravity variables X, (combinations of four charges for generalised RN extremal
BHs) the Y system reads
[Fioravanti-DG, arXiv:2112.11434; Fioravanti-DG-Shu, arXiv:2208.14031]

Y(O+ 5, —iT1,~T, i3, T4) V(0 - 7 —iT1, ~T2, iT3,4)

2 (47)
= [1 + Y(ea Zla Z2a Z?n Z4)][1 + Y(aa _217 227 _237 Z4)]
o It can be inverted into the TBA
T, ¥ 2 _ _
ex(0) = [for ¥ 5 (g — S3ya)le’ — o x (Le + L))
>, >, (48)
_ - T, Y
EL(0) = [or + 5( 50 + =3 )le” — 0+ (La + L) (6)
IR W1

where we defined e1.(0) = —In Y(0,£%1, X5, £%3,%4), €£(0) = —In Y (0, £iX1, =X, FiXs, X4),
L =In[l + exp{—¢}], ¢(0) = (27 cosh(#))*...
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A more radical method QNMs as Bethe roots

Quasinormal modes from TBA

o The QNMs condition in gravity variables
reads alternatively as

Yi(0y —it)2) =
Er(Oy —im/2) =

-1, Q4+(6s)=0,
—im(2n" +1).
(49)

o Through the quantization condition on £
we can actually numerically compute
QNMs from TBA.

Daniele Gregori (Soochow University)

From Integrability to SU

TBA

Leaver

WKB

[=NeloNeNeoloNol-Ralb

50000 s W -~

0.86962 — 0.372027
1.47799 — 0.368144
2.08017 — 0.367084

0.86893 — 0.372861
1.47789 — 0.368244
2.08017 — 0.36709i

2.68035 — 0.36664:

2.68035 — 0.366641

3.27959 — 0.366413i

3.27959 — 0.366417

3.87833 — 0.366297

3.87833 — 0.366297

4.47677 — 0.366207

4.47677 — 0.36620¢

5.07501 — 0.36615¢

5.07501 — 0.366157

5.67312 — 0.36611%

5.67312 — 0.3661117

6.27114 — 0.366097

6.27114 — 0.366097

0.896 — 0.36607
1.494 — 0.36601%
2.091 — 0.36602
2.689 — 0.36607
3.287 — 0.36604
3.884 — 0.36607
4.482 — 0.366017
5.080 — 0.36607%
5.677 — 0.3660¢
6.275 — 0.36607

TABLE II. Comparison of QNMs of (23) with £; = X3 = 0.2,
Y3 =04, X4 = 1, as obtained from TBA (33) (through (34)
with n’ = 0), Leaver method and WKB approximation.

4D N=2 SUSY (NS)

2D Integrability

TR

~—— ., AdS/CFT



A more radical method QNMs as Bethe roots

Comparison of QNMs computations methods

o Computing QNMs exactly is a non-trivial

mathematical problem, it has been typically quite TBA WKB

laborious, also because of their few exact

analytic characterizations.

The standard analytic method is the one with the
continued fractions by Leaver is laborious and

[=NeNeNeNeleNeNe Nl
=
(=]

0.89668 — 0.40069:
1.53080 — 0.39676:
2.78076 — 0.39525:
5.26781 — 0.39477i
10.2380 — 0.39472i
20.1738 —0.39473i
40.0373 — 0.39473¢
79.7581 — 0.39473:
159.185 — 0.39473¢

0.931 — 0.39461
1.551 — 0.39461
2.792 — 0.39464
5.274 — 0.39461
10.238 — 0.3946i
20.165 — 0.39464
40.019 — 0.39461
79.729 — 0.3946
159.147 — 0.3946:

sometimes sometimes not applicable (in its
original form).

o Physics Informed Neural Networks (PINNs)
can approximate decentely complicated cases, but
they bring little new “human understanding” of
black hole physics / ODEs.

TABLE III. Comparison of QNMs of (23) with ¥; = 0.1,
¥ = 0.2, ¥3 = 0.3, ¥4 = 1, as obtained from TBA (33),
(through (34) with n’ = 0) and WKB approximation.

Our integrability method is direct and
exact, but now we have developed it for just a

o Application of N' = 2 gauge theory is a new few models.

analytic characterization, but requires a nontrivial
re-summation procedure for w, ~ A\, ~ 1.

From Integrability to SU Soochow University, 2024,
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A more radical method

Solving QQ-system of gauge theories
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A more radical method Solving QQ-system of gauge theories

Solving QQ systems: D3 brane

o The scalar perturbation on the D3 brane, obeys Mathieu equation - (25) for b =1,
slide 37 - a particular case of DCHE (3), which is the same as for self-dual Liouville IM
and Nf = 0 quantum SW curve.

o Through linear connection relations among solutions 1, one easily derives QQ-systems
like

QO+ in/2,2)Q(0 — it/2,a) — Q(h,a)*> = 1. (50)

o From the QQ system follows a closed formula for Q

inh [LAp (0
sinh [ Zfr( A i Ap (0 + in/2,a) = Ap(6,a) — 2mia,  (51)
sin [Wa]

Q(0,a) =

We proved this and the following formulae purely from ODE/IM and gauge theory, but
alternative derivation is possible through AGT duality J

[Fioravanti-DG-Mahanta-Rossi,arXiv:24%* *¥#xx
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A more radical method Solving QQ-system of gauge theories

Solving QQ systems: extremal black holes

o We proved the QQ system for Ny = 2 gauge theory - cf. ODE (3), (26) - that is
extremal BHs

Q (9 + I'7T/2, —my, m2) Q (9 - i7T/2, my, —m2)—Q(0, —my, —m2)Q(9, my, m2) = e%(ml my) |
(52)
is equivalent to the shift relations
Ap (0 £ im/2, m,—ma,a) = Ap (0, m1, ma,a) + h(my,a) F ima (53)
(_8:111 - amg)]:inst(e + 177/2, —my, —Mmy, a) + (8,—,71 + (r“)mz).;’:,',,st(e - 177/2, miy, mp, a) = O

and similar others, with h(m,a) = In \/cos £ (a — m)sec T(a+ m).
o The exact closed formula for Q for N,c = 2 ensues

2 . 1
h=Ap (6
Q(0, my, mp,a) = 2w exp {71’1 OF (8, m, ma, a)} sinh 34p ( 2:717 m2, 3) . (54)

om
— K sin<fa
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A more radical method Solving QQ-system of gauge theories

Solving QQ systems: general (Minkowski) black holes (1)

o We proved the first QQ system for Ny = 3 gauge theory - cf. ODE (5), (2), (27) - that is
Schwarschild BHs
Qu(O + im, my, ma, —m3)@Q1(0, —my, —ma, m3) — Qu(6, my, my, m3) Q1 (0 + im, —my, —my, —m3)
=2+ m). (55)
is equivalent to the shift relations
Ap (0 £ i, my, my, —m3, a) = Ap (6, my, my, m3,a) + h(ms,a) Fira, (56)
(Omy + Omy — Omy ) Finst(0 + i, my, ma, —m3, @) + (—Om; — Om, + Omy ) Finst (0, —m1, —mp, m3,a) =0
and similar others.
o The exact closed formula for Q; ensues

Qi (0, m,a) = (57)
3 . 1
n3 1 mtmy s my + my 1 OF (0,m,a) | sinh £Ap (6, m,a)
2 [m39+( +m3 ) In 2] ri 1 - s 1 h '
mi22eh 2 1 (1+ — ) exp - ; e Gn2a
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Solving QQ systems: general (Minkowski) black holes (1)

o We proved the second QQ system for Ny = 3 gauge theory, that is Schwarschild BHs
Q2(0, —q2, —a1, 43) (0, 42, 91, G3) — @2(0, G1, G2, 43) Qa(0, —q1, — 2, a3) = 65 — a5 (58)
is equivalent to the shift relation
Omy Finst (0, m1, mp, m3, @) — O, Finst (0, —my, —mn, m3,a) = 0. (59)

and similar others

o The exact closed formula for Q> ensues

om my + mo m; — my 20F (6, m,a)

[Fioravanti-DG-Mahanta-Rossi,arXiv:24%%* *¥#xx]
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A more radical method Solving QQ-system of gauge theories

Proof of new (N = 2) gauge - gravity duality

o Since proved a relation between at least one @
function and the gauge dual period

sinh LAp(6, m, a) 4D N=2 SUSY (NS)
. h ) )
Q(0, m, a) = 5(6, m, 2) sin 2Z 5 ’ (61) _ AdSICFT
h
from our formalism it follows immediately that 2D Integrability BHs Ringdown
QNMs are given by quantization conditions on
the gauge periods cf. (11) /" D cFT

QRQ(O,m,a)=0 = Ap(f,m,a)=2irhn.
(62)
o (62) was previously found heuristically and allowed:

o a novel analytic characterization of QNMs;
o to find new results for the BHs theory (by many other authors);
o an unexpected application of Supersymmetry.
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Outlook Conclusions and future developments

Application scope of integrability 4DN=2SUSYNS)

. AdS/CFT
We notice that much of the BH theory seems to go

in parallel to the ODE/IM correspondence, beyond 2D Integrability
the determination of QNMs!

BHs Ringdown

ODE ath
o For instance, also the greybody factor that
parametrizes the Hawking radiation seems to be TGST EomTae
ratio of Qs
o Intepretation and use of T, TQ relation...

[Fioravanti-DG, arXiv:2112.11434; Fioravanti-DG-Shu,
arXiv:2208.14031; work in progress...]

Future theoretical problems to be addressed:

o Understanding overtones instability?

o Understanding vanishing of Love numbers?
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Outlook Conclusions and future developments

Summary

o We have shown BHs perturbation
theory has a natural connection with
o 4D N =2 NS SUSY gauge theory;
o 2D integrable models;
o many other related fields.

o In particular ODE/IM correspondence
allowed

4D N=2 SUSY (NS)

_ AdS/CFT

2D Integrability BHs Ringdown

o understand the relation among the
three;
o find new results an all sides, at the
exact level.
o Especially for QNMs of BHs we give:
o new analytic characterizations from Q, Y, T functions;
o new method of computation as Thermodynamic Bethe Ansatz.

ODE math
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Outlook Conclusions and future developments

Future developments

o N = 2 gauge theories and BHs constitute novel
fields of application of integrability and many
future developments could be pursued:

o generalization to more BHs models;

extension to other BHs observables;

addressing theoretical problems in BH physics;

tackling non-linear perturbation theory;

connection to other fields (like holography).

© © ¢ ©

4D N=2 SUSY (NS)

AdS/CFT

2D Integrability BHs Ringdown

ODE math

Daniele Gregori (Soochow University) From Integrability to SUSY and BHs
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anti-de Sitter space Y
conformal
boundary

(Wikicommons/Herzog,Dunkel)
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Outlook Conclusions and future developments

Thank you for your attention!

Popular words shares in ArXiv [hep-th]

4D N=2 SUSY (NS)

_ AdS/CFT

| — '*STRING" 2D Integrability BHs Ringdown
+ — "GRAVITY"

| —— "GAUGE"
== TBLACK! £ 2D CFT

1990 2000 2010 2020
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